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volume elementA three-dimensional multi-ﬁbre multi-layer micromechanical ﬁnite element model was developed for
the prediction of mechanical behaviour and damage response of composite laminates. Material response
and micro-scale damage mechanism of cross-ply, [0/90]ns, and angle-ply, [±45]ns, glass-ﬁbre/epoxy
laminates were captured using multi-scale modelling via computational micromechanics. The framework
of the homogenization theory for periodic media was used for the analysis of the proposed ‘multi-ﬁbre
multi-layer representative volume element’ (M2RVE). Each layer in M2RVE was represented by a unit
cube with multiple randomly distributed, but longitudinally aligned, ﬁbres of equal diameter and with
a volume fraction corresponding to that of each lamina (equal in the present case). Periodic boundary
conditions were applied to all the faces of the M2RVE. The non-homogeneous stress–strain ﬁelds within
the M2RVE were related to the average stresses and strains by using Gauss’ theorem in conjunction with
the Hill–Mandal strain energy equivalence principle. The global material response predicted by the
M2RVE was found to be in good agreement with experimental results for both laminates. The model
was used to study effect of matrix friction angle and cohesive strength of the ﬁbre–matrix interface on
the global material response. In addition, the M2RVE was also used to predict initiation and propagation
of ﬁbre–matrix interfacial decohesion and propagation at every point in the laminae.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
The macroscopic properties of the composite lamina can be
determined by using computational micromechanics via
homogenization process. In a homogenization process, the effec-
tive stresses and strains acting on a statistically representative vol-
ume element (RVE) or unit cell are calculated. Computational
micromechanics is then used to predict the overall behaviour (local
and global) of the composites from the ﬁbre, matrix and ﬁbre–
matrix interface properties via an RVE analysis as described in
Kanoute et al. (2009), and demonstrated by Sun and Vaidya
(1996) and Geers et al. (2010). Terada et al. (2000) and Kassem
(2009), have demonstrated that the effective behaviour obtained
using periodic boundary conditions is always bounded by those
obtained using force and displacement boundary conditions. Thus,
for the analysis of composites, most of the RVEs/unit cells make use
of periodic boundary conditions as described in Berger et al.(2005), Tyrus et al. (2007), and Xia et al. (2006). The ﬁnite element
method (FEM) was used to predict the material response and
damage behaviour of the composite materials using an RVE in
Mahmoodia and Aghdamb (2011), Ng et al. (2010), and Taliercio
and Coruzzi (1999). Unit cell approach for woven composites has
also been reported in the literature (Donadon et al., 2007; Wang
et al., 2007; Jia et al., 2012). The local stress–strain distribution
in a unit cell of textile laminate via periodic boundary conditions
in the thickness direction was studied by Ivanov et al. (2010).
The RVE/unit cell based models often use a single ﬁbre sur-
rounded by matrix in such a proportion such that the volume frac-
tion of the ﬁbre in the RVE is equal to the volume fraction of ﬁbres
in the lamina (Berger et al., 2005; Mahmoodia and Aghdamb, 2011;
Sun and Vaidya, 1996; Xia et al., 2006). In some cases orderly dis-
tribution of multiple ﬁbres in the form of a square or a hexagonal
array with 2–4 ﬁbres were used (Shoukry et al., 2007). The focus
was mainly on the damage evolution around the centre ﬁbre.
Prediction of micro-damage via an RVE with multiple randomly
distributed ﬁbres was carried out by González and Llorca (2007)
and Totry et al. (2008, 2009, 2010). Modelling based on randomly
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Fig. 1. Typical RVE and M2RVE.
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in the matrix around all the ﬁbres along with ﬁbre–ﬁbre interac-
tion which mimics the physical reality. The multi-ﬁbre RVE
approach was used for the prediction of in-plane shear strain re-
sponse of a [0/90] laminate by Totry et al. (2009). The response
was obtained by applying a shear loading parallel to the ﬁbre direc-
tion and subsequently applying a shear loading perpendicular to
the ﬁbre direction in a multi-ﬁbre RVE in another simulation. Both
the responses were then averaged out to predict the in-plane shear
stress–strain response of the laminate. A 2D randomly distributed
multi-ﬁbre RVE was used to predict damage behaviour of the com-
posites subjected to transverse loading and out of plane shear load-
ing by Canal et al. (2009). Although, multi-ﬁbre RVE captures ﬁbre
to ﬁbre interaction within the lamina, there are certain limitations
in capturing damage response of the composite laminates. The
elastic properties obtained for the orthotropic lamina using these
RVEs are used to predict the material response of any laminate
(comprising of differently-oriented plies) using laminate theories
described in Gibson (2007). The laminate theories assume average
or smeared stresses and strains in the lamina which restricts its
capability to predict the local damage at lamina level. In addition,
these plies do not account for the effect of ﬁbre orientation in the
laminate on the damage response as explained by Camanho et al.
(2006).
To address these limitations of single layer RVEs (i.e., an RVE for
the lamina), a multi-layer RVE (i.e., an RVE for the laminate) could
be used to predict the damage response and the material behaviour
accurately. A cubic meso/micro rhombohedral single ﬁbre multi-
layer RVE was proposed for the prediction of mechanical behaviour
of any angle ply laminate by Xia et al. (2000, 2003). Periodic
boundary conditions were used to obtain the global material
response and local stress–strain evolution. An equivalent single
ﬁbre representing the entire volume fraction of ﬁbres (meso) in
the lamina was used. As discussed earlier the use of a single ﬁbre
in a unit cube neglects the effect of ﬁbre-to-ﬁbre interaction within
a lamina. A similar model was used for micromechanical character-
ization of an angle-ply ﬁbrous composite by Abolfathi et al. (2008).
The multi-layer single ﬁbre approach was also used for microme-
chanical modelling of damage propagation in titanium based
metal-matrix composites by Sherwood and Quimby (1995). Zhang
et al. (2005) used the model proposed by Xia et al. (2003) to predict
damage progression in glass ﬁbre/epoxy cross-ply laminates by
ﬁnite element analysis. In another study, Ellyin et al. (2003) used
a multi-layer single ﬁbre RVE, using visco-elastic micromechanical
model for modelling matrix, to capture free edge and time effects
in glass ﬁbre/epoxy cross-ply laminates. A multi-layer multi-ﬁbre
unit cell having an orderly distribution of ﬁbres was proposed by
Matsuda et al. (2007) to predict the inter-laminar stress distribu-
tion under the assumption that each lamina in the laminate. The
multi-ﬁbre multi-layer RVEs reported in the literature do not take
into account the random distribution of the ﬁbres in the matrix.
The damage initiation and propagation in the matrix and the inter-
face have not been fully characterized.
In the present work a randomly distributed multi-ﬁbre multi-
layer representative volume element (M2RVE) for unidirectional
composite is proposed to capture all likely inter-laminar and in-
tra-laminar damage mechanisms, viz., ﬁbre breakage, ﬁbre–matrix
debonding, matrix cracking and delamination. It is a better geo-
metrical representation of the lamina as compared to an equivalent
single ﬁbre multi-layer RVE suggested by Xia et al. (2003) and or-
derly distribution of ﬁbres suggested by Matsuda et al. (2007). In
this model the effects of geometry and spatial distribution of the
ﬁbres, on the onset and propagation of the matrix damage and
ﬁbre–matrix debonding can be captured explicitly which is not
possible with either multi-ﬁbre single layer RVEs or with single
ﬁbre multi-layer RVEs.Fig. 1, shows a typical M2RVE for [0/90]ns laminate used in the
present study via ﬁnite element analysis. The proposed M2RVE
captures the effects of matrix and ﬁbre–matrix interface failures
via Mohr–Coulomb criterion and surface based cohesive zone,
respectively. It is known that the in-plane shear loading is one of
the most complex deformation modes due to signiﬁcant non-linear
deformations before failure. Therefore, in-plane shear loading was
used to validate the proposed model. In-plane shear experiments
were carried out as per ASTM D7078 (ASTM D7078/D7078M-05,
2000) to validate the proposed model. The model was then used
to predict the global as well as local material response including
damage. Following which the effect of Mohr–coulomb matrix fric-
tion angle and ﬁbre–matrix interfacial strength on the global mate-
rial response was captured. Finally, interface damage initiation and
evolution was fully characterized.2. Finite element modelling of M2RVE
2.1. Generation of geometrical and FE model
Fig. 2 shows a typical conﬁguration of [0/90]ns laminate which
was modelled via the M2RVE. The same M2RVE can be used to
model any symmetrical [0/90]ns laminate due to the application
of periodic boundary conditions to all the faces of the M2RVE.
Finite element analysis via the M2RVE was performed to under-
stand the behaviour of the [0/90]ns and [±45]ns laminates. The
geometries of [0/90]ns and [±45]ns M2RVE are shown in Fig. 3. It
consists of two cubes having multiple randomly distributed ﬁbres
of identical diameter. The cubes were placed at 90 to each other,
and shear loading was applied on the right face of the M2RVE. A
random distribution of circular ﬁbres, 24 lm in diameter, were
generated using a ﬁbre randomization algorithm in DIGIMAT FE

(Digimat Inc., 2011). Each generated ﬁbre was accepted, if the
distance between neighbouring ﬁbre surfaces was more than
1 lm to ensure an adequate discretization of that region. The dis-
tance between the ﬁbre surface and the M2RVE edges was kept at
more than 0.5 lm to avoid distorted ﬁnite elements during mesh-
ing. It was assumed that the laminate microstructure was consid-
ered to have indeﬁnite translation along the 1, 2 and 3 axes, thus
ﬁbre positions within the M2RVE maintained periodicity. Fibres
intersecting the edges were split into two parts and copied to the
opposite sides to create a periodic microstructure as shown in
Fig. 3. New ﬁbres were added until the desired 28% ﬁbre volume
fraction was reached. The M2RVE (matrix and ﬁbres) was meshed
using modiﬁed quadratic 10-node tetrahedral (C3D10M) elements
in ABAQUS Standard

(Abaqus Inc., Pawtucket, RI, 2010). The ele-
ment type has an additional internal node, which increases the
accuracy to reproduce the strain gradient in the matrix between
closely packed ﬁbres. The FE mesh contains 15,491 nodes and
54,122 elements as shown in Fig. 4(a). Sensitivity analysis to deter-
mine the size of the M2RVE has been performed in the subsequent
section.
Fig. 2. M2RVE for [0/90]ns laminate.
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As mentioned previously, the M2RVE is a representative unit for
the cross-ply laminate as shown in Fig. 2. Therefore, the periodic
boundary conditions were applied on all the faces of the M2RVE
to maintain continuity between neighbouring M2RVE. Periodicity
implies that each M2RVE in the composite has the same deforma-
tion mode and there is no separation or overlap between the
neighbouring M2RVEs. Perfect bonding has been assumed between
the plies for all the simulations performed.
The periodic boundary condition applied on the proposed
M2RVE is shown in Fig. 4(a).
Eq. (1), shows the displacement ‘ui’ as a function of applied glo-
bal loads as
ui ¼ Sijxj þ v i ð1Þ
where Sij is the average strain and v i is the periodic part of the
displacement components, ui, on the boundary surfaces (local
ﬂuctuation). The indices i and j denotes the global three-dimen-
sional coordinate directions 1, 2, and 3. An explicit form of periodic
boundary conditions suitable for the proposed M2RVE model was2
3
1 2
τ12
1
Fig. 3. Schematic of the M2RVE of the [0/90]ns and [±45]ns laderived from the above general expression. For the M2RVE as shown
in Fig. 4(a), the displacements, ui, on a pair of opposite boundary
surfaces (with their normal along xj direction) are:
uK
þ
i ¼ SijxK
þ
j þ vK
þ
i ð2Þ
uK

i ¼ SijxK

j þ vK

i ð3Þ
where ‘Kþ’ means displacement along the positive xj direction and
‘K’ means displacement along the negative xj;direction on the
corresponding surfaces A=Aþ, B=Bþ, and C=Cþ (see Fig. 4(a)).
The local ﬂuctuations vKþi and vK

i around the average macroscopic
value are identical on two opposing faces due to the periodic condi-
tion. Hence, the difference between the above two equations are the
applied macroscopic strain condition, given by:
uK
þ
i  uK

i ¼ SijðxK
þ
j  xK

j Þ ð4Þ
The non-homogeneous stress and strain ﬁelds obtained are reduced
to a volume-averaged stress and strain by using Gauss theorem in
conjunction with the Hill–Mandal strain energy equivalence princi-
ple proposed by Hill (1963). Finally, the elastic modulus was ob-
tained as the ratio of the average stress to the average strain. The
average stresses and strains in the M2RVE were calculated as de-
scribed in Gibson (2007) and Sun and Vaidya (1996):
Sij ¼ 12
Z
v
sij dV ð5Þ
Eij ¼ 12
Z
v
eij dV ð6Þ
where V is the volume of the periodic representative volume ele-
ment, Sij and Eij are average strains and average stresses in the
M2RVE, respectively. Here, sij and eij represents local strains and
stresses. It must be noted here that free surface effect for two layer
laminate can be studied by removing periodic boundary conditions
from top and bottom surface of the M2RVE.
Fig. 4(b) shows the in-plane shear loading on the proposed
M2RVE model. The perturbation was introduced to the system of
equation used for implementation of periodic boundary conditions
through a dummy node which acts as a load carrier. The material
response of the M2RVE was used with periodic homogenization
to predict the global response of the structure.3
2
τ12
minate microstructure subjected to the in-plane shear.
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+
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3
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(a) (b)
Fig. 4. (a) Schematic of the meshed M2RVE used for implementation of periodic boundary conditions. (b) In-plane shear loading using M2RVE.
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E-glass (ER-459L) ﬁbres were modelled as linear elastic isotro-
pic solids and their constants are given in Table 1 (provided by
the supplier). The epoxy matrix (EPOFINE-556) with FINEHARD-
951 hardener was assumed to behave as an isotropic, elasto-plastic
material and its elastic constants are also provided in Table 1.
2.4. Failure criteria
During the damage process of the laminates in shear, matrix
cracking (transverse cracking) is the ﬁrst damage phenomenon to
take place since the matrix has the lowest stress to failure of all
the composite constituents as described in Gibson (2007). There-
fore, for the [0/90]ns laminate and [±45]ns laminate, the considered
dominant damage mode was matrix transverse cracking followed
by ﬁbre–matrix debonding.Table 1
Elastic properties of matrix and ﬁbres.
Constituent materials Elastic modulus
E-glass ﬁbres, ER-469L 73
Epoxy resin, EPOFINE-556 (FINEHARD-951 hardener) 4.7
Matrix failure
(Mohr-coulomb 
failure criteria)
Fig. 5. Schematic representation of the failure criteriAlthough the M2RVE model discussed here was subjected to
uniform in-plane shear loading, a tri-axial stress state exists in
the individual elements of the model. Consequently, the Mohr–
Coulomb multi-axial damage criterion was used to model the ma-
trix damage as shown in Fig. 5. The Mohr–Coulomb criterion de-
scribed in Jiang and Xie (2011) assumes that yielding takes place
when the shear stress, s, acting on a speciﬁc plane reaches a critical
value, which is a function of the normal stress, rn, acting on that
plane, thus the inﬂuence of the tri-axiality on the shear yielding
was taken into account as indicated in Eq. (7). The yield surface
corresponding to the failure criteria described, written in terms
of the maximum andminimum principal stresses (rI and rIII), is gi-
ven by Eq. (8).
jsj ¼ c  rn tanu ð7Þ
FðrI;rIIIÞ ¼ ðrI  rIIIÞ þ ðrI þ rIIIÞ sinu 2c cosu ¼ 0 ð8Þ, E (GPa) Shear modulus, G (GPa) Passion’s ratio, m
29.67 0.23
1.8 0.30
Circular fibres
Matrix material
Interface failure
(Traction-separation law)
on used for matrix and ﬁbre–matrix debonding.
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angle, respectively. These two material parameters control the plas-
tic behaviour of the matrix. Physically, the cohesion ‘c’ represents
the yield stress of the matrix under pure shear while the friction an-
gle takes into account the effect of the hydrostatic stresses. It was
assumed that both constants were independent of the accumulated
plastic strain. The directions of plastic ﬂow in the stress space were
determined using a non-associative ﬂow rule as explained by Jiang
and Xie (2011). The value of both parameters for an epoxy matrix
were found using Eq. (9) described by González and Llorca (2007)
rmt ¼ 2c cosu1þ sinu and rmc ¼ 2c
cosu
1 sinu ð9Þ
The experimental matrix tensile and compressive strengths, rmt
and rmc, were equal to 75 MPa and 105 MPa, respectively. The value
of friction angle was found to be 10 which is within the range
determined by González and Llorca (2007) and Puck and
Schürmann (1998). The value of cohesion ‘c’ was computed as
44.7 MPa using Eq. (9) and subsequently used for all the simulations
corresponding to friction angle of 10. This is a reasonable value for
‘c’ considering that the experimental in-plane shear strength of the
isotropic neat epoxy resin was around 40 MPa.
The ﬁbre–matrix interfacial decohesion was simulated using
standard cohesive surface elements in ABAQUS Standard

. The
mechanical behaviour of the interface was simulated using a trac-
tion-separation law which relates the displacement across the
interface to the force vector acting on it. In the absence of any dam-
age, the interface behaviour was assumed to be linear with high
value of an initial stiffness, K (35 GPa) to ensure the displacement
continuity at the interface. The linear behaviour ends at the onset
of damage, using a maximum stress criteria expressed as:
max
htni
N
;
ts
S
 
¼ 1 ð10Þ
where tn and ts are normal and tangential stresses transferred by
the interface, respectively. tn is positive or zero otherwise, because
compressive normal stresses do not cause opening of the crack. N
and S are the normal and tangential interfacial strengths, assumed
to be equal for simplicity.
Fracture energy, K0, is another parameter which controls the
interface behaviour other than cohesive strength ðN; SÞ. Fracture
energy, C0 is the area under the curve shown in Fig. 6. The interface
failure model assumes that the energy consumed during the frac-
ture of the interface is independent of the loading path. Fracture
energy, C0 is described as
C0 ¼ 1
2
tDd ð11Þ
where t (tn or ts) is the cohesive strength of the interface and ‘d’ is
the displacement across the interface. The energy necessary to com-
pletely break the interface was kept equal to C0 ¼ 100 J=m2 for allK
1
δ δ
tn, ts
δmax
t
Fig. 6. Standard traction-separation law.the simulations, a reasonable value for glass ﬁbre/epoxy matrix
composite laminate as reported via push out tests by Zhou et al.
(2001).
2.5. Sensitivity analysis for the size of M2RVE
One of the important issues in the simulations was the selection
of the size of each cube in the M2RVE. Each cube should contain all
the necessary information for the statistical description of the
microstructure, at the same time its size should be large enough
so that the average properties are independent of its size and posi-
tion within the material. The critical size of the M2RVE depends on
the phase, interface properties and spatial distribution, and no esti-
mates were available in the literature. Therefore, a parametric
study was performed to determine the size of each cube in
M2RVE. Initially, the thickness of each cube was consider to be
0.5 mm. Eventually, thickness of the cubes was reduced, and aver-
age stress–strain response was plotted as shown in Fig. 7. Two dif-
ferent values of interface strength 30 MPa and 10 MPa were
considered for the analysis to ensure that the size of the M2RVE
is sufﬁciently large and the periodic boundary conditions do not
lead to erroneous results. The stiffness of the interface was as-
sumed to be very high (35 GPa/mm) in order to ensure displace-
ment continuity between the ﬁbre and matrix as suggested by
Totry et al. (2010). The friction angle and matrix cohesive strength
were 10 and 44.7 MPa, respectively for all the simulation runs. It
can be clearly seen that the effect of the cube dimensions of the
M2RVE is not appreciable on the global stress strain response in
both the cases. Consequently, a thickness of 0.1 mm was selected
to perform all the subsequent simulations. Only six ﬁbres per cube
were required for the model as opposed to approximately 155
ﬁbres per cube in the case of a 0.5 mm thickness of the each cube.
Due to the reduced thickness, computational efﬁciency of the
model was signiﬁcantly improved maintaining the same global
response.
It can be observed in Fig. 7 that the global in-plane shear stress–
strain response of the cross-ply laminate is relatively insensitive to
the thickness variation of the cube for cohesive strength of 30 MPa
and 10 MPa. However, 3D stress state exists in all the elements of
the model, thus effect of cube size on the normal stresses devel-
oped in all directions other than thickness was also studied. Table 2
shows the effect of the different edge size of the cube on the vol-
ume-averaged normal stresses developed in M2RVE for the same
loading. It has been observed that the volume averaged normal
stresses are very low (<3 MPa) for r11 and of the order of 104
for the other two components as shown in Table 2, consequently,
it can be construed that the laminate remains in pure shear even
if the edge size is increased.3. Model validation
As no detailed experimental data was available to validate the
proposed model in the open literature, experiments were per-
formed on glass ﬁbre/epoxy laminate specimens. The proposed
M2RVE model was then validated against the experimental results.
3.1. Experimental work
3.1.1. Specimen manufacture
[0/90] and [±45] glass ﬁbre/epoxy matrix laminates were man-
ufactured using a hand lay-up technique. The ﬁbre volume fraction
(Vf ) was determined experimentally, according to ASTM D2584
(ASTM D2584-11, 2000). The average value of ﬁbre volume fraction
was found to be 28%. The elastic properties of the constituent
materials are provided in Table 2.
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Strain gauges
Fig. 8. Specimen dimensions for the V-notched rail shear tests.
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Fig. 7. In-plane shear stress strain response for various thicknesses of the cubes in M2RVE. (a) Interfacial strength = 30 MPa and (b) interfacial strength = 10 MPa.
Table 2
Effect of edge of the cube on normal stresses.
Edge of the cube (mm) r11 (MPa) r22 (MPa) r33 (MPa)
0.1 2.38 8.9  104 1.84  104
0.2 2.36 5.10  104 0.52  104
0.3 2.33 5.18  104 0.55  104
0.4 2.28 1.22  104 3.86  104
0.5 2.31 4.66  104 2.63  104
454 G. Soni et al. / International Journal of Solids and Structures 51 (2014) 449–461The edges of the laminate were removed and V-notched spec-
imens (76  56 mm2) were cut from the [0/90] laminate accord-
ing to ASTM Standard D7078 (ASTM D7078/D7078M-05, 2000)
as shown in Fig. 8. The [±45] laminate was cut at an off axis an-
gle of 45 from the [0/90] laminate. Two strain gauges (gauge
length of 6 mm) were mounted at the centre of the specimen
(between the notch tips) and oriented at ±45 to the edge of
the specimen as shown in Fig. 8. The difference between the
readings of both the strain gauges provided the shear strain
c12 according to:c12 ¼ jeþ45j þ je45j ð12Þwhere e+45 and e45 stand for the normal strains provided by the
strain gauges.
Load Cell
Fixture
Halves
Gripping
Bolts
Specimen
Test machine 
adaptors 
Fig. 9. V-notched rail shear test ﬁxture in action.
Fig. 10. In-plane shear stress–strain experimental response for cross-ply, [0/90]
and angle-ply, [±45], laminate.
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Fig. 11. In-plane shear stress–strain response of M2RVE for [0/90]ns laminate with
perfect and imperfect bonding between matrix and ﬁbre.
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V-notch in-plane shear tests were carried out for the E-glass/
epoxy [0/90] and [±45] laminates, as per ASTM 7078 (ASTM
D7078/D7078M-05, 2000). The specimens were tested in shear
using an LS 100 plus universal testing machine by LLOYD instru-
ments under stroke control and at a constant cross-head speed of
1 mm/min as shown in Fig. 9. The applied load was measured
simultaneously with a 100 kN load cell. The corresponding shear
strain, c12, was determined from Eq. (12), using strain gauges
mounted on the specimen.
The in-plane shear stress–strain curve, up to 5% strain, is plotted
in Fig. 10 for both the laminates. The stress–strain response is
nearly linear in case of [±45] laminate, as ﬁbres take the maximum
load for in-plane shear loading. The stress–strain response is non-
linear from the beginning in case of [0/90] laminate. Here, the max-imum load is taken by the matrix material for in-plane shear
loading.
3.2. Global stress–strain response
The proposed M2RVE is subjected to in-plane shear loading with
periodic boundary conditions as explained in Section 2.2. The anal-
ysis was performed using Rik’s algorithm for non-linear analysis in
ABAQUS Standard

. At the end of each load step in the non-linear
analysis, volume average stresses and strains for [0/90]ns laminate
obtained by using Eqs. (5) and (6), were plotted as shown in Fig. 11.
The in-plane shear stress–strain curves for the perfect bonding
case, obtained from the numerical simulations for the composite
were also plotted (Fig. 11) along with the experimental data for
the [0/90] laminates. Perfect bonding was achieved by considering
a very high value of interface stiffness and interfacial strength
(50 GPa, 70 MPa). Due to perfect bonding, the stresses developed
in the matrix material were completely transferred to the ﬁbre
material. Thus, ﬁbres take more load as compared to a model in
which imperfect bonding was used. The differences between
simulations and experiments could be attributed to the assump-
tion of perfect bonding, and the assumption of no inter-ply
delamination. In addition to perfect bonding, a curve with ﬁnite
interfacial strength (tn ¼ 30 MPa) for [0/90]ns laminates was also
plotted in Fig. 11. This value is consistent with the tests conducted
by Zhou et al. (2001), where they reported an interfacial strength
value between 24 MPa and 38 MPa by fragmentation testing and
28 MPa and 58 MPa by a push-out test for glass ﬁbre/epoxy com-
posite system. The initial region of the stress–strain curves with ﬁ-
nite interfacial strength was similar with experimental results up
to a shear strain of approximately 1%. Beyond this point the re-
sponse from the ﬁnite interfacial bonding strength condition ap-
proaches the experimental response again only after a strain of
3%. The maximum difference between the shear stress predicted
using M2RVE and the experimental results was approximately 8%
at the strain value of around 2% for [0/90]ns laminate. It can be
clearly observed that the proposed M2RVE, when used along with
interface surfaces with ﬁnite cohesive strength leads to the better
estimation of the global stress–strain response.
Fig. 12 shows the predicted in-plane shear stress response of
[±45]ns laminates along with the experimental results. Here, there
is very small difference between the response predicted by the per-
fect bonding and the response predicted using cohesive surfaces.
Both curves show very good agreement with the experimental
results. This may be due the fact that interfacial debonding may
not have occurred until a strain of 2% is reached. The difference
020
40
60
80
100
120
140
0.0% 0.5% 1.0% 1.5% 2.0% 2.5% 3.0% 3.5%
In
-p
al
ne
 sh
ea
r s
tre
ss
, τ
12
 (M
Pa
)
In-plane shear strain, 12 (%)
Experiment
Interface strength= 30MPa
Perfect bonding
Fig. 12. In-plane shear stress–strain response of M2RVE for [±45]ns laminate with
perfect and imperfect bonding between matrix and ﬁbre.
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experimental results was approximately 3% at the strain value of
approximately 1% for [±45]ns laminate.4. Results and discussion
4.1. Stress and strain evolution at micro-scale
Fig. 13(a) and (b) shows the contour plot of the in-plane shear
stress and in-plane shear strain in M2RVE with cohesive strength
equal to 30 MPa, respectively. The top and bottom lamina were re-
ferred as 0 (parallel to the applied displacement) and 90 (perpen-
dicular to the applied displacement), respectively. In Fig. 13(b), it
can be seen that similar strain ﬁelds were obtained in both the
laminae. However, the stress plot shown in Fig. 13(a) was very dif-
ferent because the 90 lamina was stiffer due to the perpendicular
ﬁbre orientation which induces higher stresses as opposed to the
0 lamina where the parallel ﬁbres do not provide sufﬁcient resis-
tance to the deformation. The number of ﬁbres consisting of higher
(150 MPa) stresses were more in the 90 lamina than the 0 lamina
as seen in the plot. Fibre–matrix debonding was clearly visible inFig. 13. (a) Contour plot of the in-plane shear stress in M2RVE with cohesive strength eq
strength equal to 30 MPa.both the plots. The shear stresses developed in the ﬁbres were
much higher than those of the matrix in both the cases due to
the higher stiffness of ﬁbre material.4.1.1. Effect of ﬁbre orientation on micro stress evolution
Fig. 14 shows the in-plane shear stress contour plot with an RVE
(unidirectional lamina- single layer) made up of the same ﬁbre and
matrix material and having the same volume fraction subjected to
in-plane shear loading parallel to the ﬁbre direction. The matrix
damage and interface failure criteria used was also the same as
used for the proposed M2RVE. The results at the same load level
were compared with the in-plane shear stress plot of the 0 lamina
(top cube fromM2RVE). The ﬁbre distribution was different in both
the models as it was generated using randomization algorithm.
Shear stresses developed in both the microstructures at the same
low load level during the non-linear analysis can be observed in
Fig. 14. The presence of another lamina, i.e., 90 ﬁbre cube in
M2RVE alters the micro level stress evolution in the structure.
The proposed M2RVE provides a realistic model for estimating
micro-scale stress evolution.4.2. Effect of Mohr–Coulomb matrix friction angle on stress–strain
response
The in-plane stress–strain curves predicted by using the M2RVE
are plotted in Fig. 15 for six different [0/90]ns composite laminates
with matrix friction angles ranging from 0 to 15. Since the matrix
tensile strength was assumed to be constant and equal to 75 MPa,
changes in the friction angles modiﬁes the cohesive strength ‘c’ of
the matrix as given in Eq. (9). The cohesive strength of the matrix
increases from 37.5 MPa (u ¼ 0) up to 59 MPa (u ¼ 25). Fig. 15
shows that with an increase in friction angle (consequently an in-
crease in cohesive strength of the matrix) shear strength of the
composite increases. The simulated response shows the same re-
sponse until a stress value of 30 MPa, followed by an increase in
the hardening effect with an increase in value of friction angle.
Fig. 16 shows the effect of matrix friction angle on the in-plane
shear stress–strain response of a [±45]ns laminate. Here, the matrix
friction angles between 0 and 15 were used. The stress–strain
response changes beyond a strain value of approximately 1.5%. It
was observed that the effect of matrix friction angle on theual to 30 MPa. (b) Contour plot of the in-plane shear strain in M2RVE with cohesive
Fig. 14. (a) Contour plot of the in-plane shear stress developed in matrix material with one layer multi-ﬁbre RVE. (b) Contour plot of the in-plane shear stress in matrix
material using M2RVE.
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tion angle of 10 was used for all the subsequent simulations of
[±45]ns laminates.4.2.1. Effect of interface strength on global stress–strain response
It can be observed in Fig. 13(a), that stresses are transferred
to the ﬁbres via the interface and high stresses are developed
in the ﬁbres in the case of a 90 lamina. Interface failure leads
to the reduction in the slope of the linear hardening region of
the stress–strain curve as shown in Fig. 11. The model prediction
for the behaviour of the cross-ply composite, assuming debond-
ing between matrix and ﬁbre was in good agreement with the
experimental data. In particular, the model was able to account
for the quantitative effect of damage by interface de-cohesion
on the load transfer from the matrix to the ﬁbres.
It is expected that the effect of interfacial bonding strength will
affect the in-plane shear response. Hence, different cohesive
strength values of between 10 MPa and 40 MPa were used to
perform a parametric study on the proposed model. The corre-
sponding response curves for [0/90]ns laminates are shown in
Fig. 17. It is found that there is no effect of increasing the interfacial
strength beyond 30 MPa on the global shear stress–strain
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the load transfer from the matrix to the ﬁbres under in-plane shear
loading leading to a reduction in the slope of the linear hardening
region after matrix yielding.
Fig. 18 shows the effect of interface strength on the shear
stress–strain response of [±45]ns laminates. Different cohesive
strength values of 5, 10, and 30 MPa were used in the simulations.
It was found that there is no effect of interface strength on the
shear stress–strain response. Thus, it can be concluded that the
interface strength has no signiﬁcant impact on the shear stress–
strain response on a [±45]ns laminate. This was due to fact that
there was little to no interface failure until a strain 3% was reached.
A Cohesive strength of 30 MPa, used for the simulations, provides
an accurate global stress–strain response in the case of both
laminates.4.3. Effect of ﬁbre orientation on ﬁbre–matrix decohesion
4.3.1. Effect on debonding initiation and progression
There was a signiﬁcant effect of damage due to ﬁbre–matrix
decohesion or debonding on the overall mechanical behaviour of
the composites as observed in Fig. 11. To study damage initiation
and progression due to debonding in the [0/90]ns and [±45]ns
laminate a ‘‘state-based’’ tracking algorithm was used for three-
dimensional ﬁnite-sliding, surface-to-surface contact pairs with
deformable surfaces. Contour plots of variable COPEN, which is
used to ﬁnd out clearance between surfaces, in ABAQUS, are
presented in Figs. 19 and 20, respectively. For node-to-surfaceDamage iniaon site
(a)
Layer 2
Layer 1
Fig. 19. Fibre–matrix debonding in [0/90]ns laminate. (a) Debondingdiscretization the variables COPEN represent the relative positions
normal to the interface, i.e., the closest distance between the node
and the surface at the end of the simulation. The output COPEN is
typically provided where surfaces are opened by a small amount
compared to surface facet dimensions, suitable for the present
case. The contour plot describes the distance between the node
on the surface of the ﬁbre and the matrix material (surface to sur-
face interaction) at the end of the simulation. For a given integra-
tion point, debonding was said to have occurred when the value
of variable COPEN exceeds the displacement ‘d’ value (see Fig. 7).
In the present case, the stiffness of cohesive surfaces was taken
as 35 GPa, cohesive strength (tn and ts) was taken as 30 MPa, and
fracture energy was considered as 100 J/m2, thus the distance at
which the ﬁbre–matrix decohesion was expected to occurred was
calculated as d = 0.086 lm. As shown in Fig. 19(a), ﬁbre–matrix
debonding initiates at 1% strain in the 0 lamina (layer 1).
Fig. 19(b) shows the progression of debonding in the [0/90]ns lam-
inate. The progression plot shows that amount of debonding was
equal at the end of the analysis in both the laminae and debonding
was mainly accumulated in the side faces of all the ﬁbres with re-
spect to the loading direction.
As shown in Fig. 20(a), decohesion initiates at a strain value of
2% in the case of a [±45]ns laminate. For [±45]ns laminate subjected
to in-plane shear loading, ﬁbres in the [+45] lamina experience
tension and ﬁbres in the [45] laminate experience compressive
forces. The top and bottom laminae are referred as layer 1 and
layer 2, respectively, as shown in Fig. 20. The decohesion initiates
in the lamina which experiences tensile loading (layer 1). The pro-
gression of debonding was also dominated in the lamina experi-
encing tensile loading as shown in Fig. 20(b). Uneven distribution
of debonding was observed in the case of the [±45]ns laminate.
58% of total debonding occurs in the top lamina (layer 1). This
may be due the fact that tensile loading always tends to open
the crack (decohesion in this case) as opposed to compressive
loading.4.3.2. Evolution interface damage area
The percentage damaged interface was deﬁned as the ratio of
the area of the interface that underwent decohesion to the total
interface area. Fig. 21 shows the percentage of damaged interface
in each layer along with total percentage of damage interface with
respect to in-plane shear strain for [0/90]ns laminate. Interface
damage initiates at 1% strain in layer 1 and propagates at a slow
rate between 1% and 2% strains in both the layers. Eventually,
the growth becomes accelerated between the strain value of 2%
and 4%. During this span there is a corresponding change in global
in-plane shear stress response can be observed in Fig. 11. It can be
observed that amount interface failure is nearly same in both the
layers during entire simulation. The effect of decohesion starts
becoming signiﬁcant after the strain value of 2.5% as observed in
Figs. 11 and 21.Damage propagaon area
(b)
initiation and (b) debonding propagation at the end of the step.
Damage iniaon site
Damage propagaon area
(a) (b)
Layer 1
Layer 2
Fig. 20. Fibre–matrix debonding in [±45]ns laminate. (a) Debonding initiation and (b) debonding propagation at the end of the step.
0.0%
5.0%
10.0%
15.0%
20.0%
25.0%
30.0%
35.0%
40.0%
45.0%
0.0% 1.0% 2.0% 3.0% 4.0%
Pe
rc
en
ta
ge
 o
f i
nt
er
fa
ci
al
 d
am
ag
e 
In-plane shear strain, 12(%)
Overall interfacial area
Interfacial decohesion area in layer 1
Interfacial decohesion area in layer 2
Fig. 21. In-plane shear strain vs. percentage interfacial damage for [0/90]ns
laminate.
0.0%
10.0%
20.0%
30.0%
40.0%
50.0%
60.0%
70.0%
80.0%
90.0%
0.0% 5.0% 10.0% 15.0% 20.0% 25.0%
Pe
rc
en
ta
ge
 o
f  
in
te
rfa
ci
al
 d
am
ag
e 
In-plane shear strain, 12(%)
Overall interfacial area
Interfacial decohesion area in layer 1
Interfacial decohesion area in layer 2
Fig. 22. In-plane shear strain vs. percentage interfacial damage for [±45]ns laminate.
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shear strain plot for [±45]ns laminate. Here, it can be observed that
ﬁbre–matrix decohesion initiates at the in-plane shear strain value
of 2% as also observed in Fig. 12. There was no interface failure un-
til a shear strain of 2% was reached and hence, of the inclusion of
interface surfaces did not affect the global shear stress–strain re-
sponse. It can be observed that debonding is prominent in layer
1 as compared to layer 2. 80% of the interface area in layer 1 was
damaged when only 22% of interface area was damaged in layer
1 at the end of the simulation. As interface failure initiates it was
observed that there was a sudden jump of 10% interface failure
in total interface area after the debonding initiation. A similar jump
in the percentage of interface failure was observed between the in-
plane shear strain value of 1% and 3% followed by steady growth.4.3.3. Shear stress-slip behaviour at the interface
Fig. 23 shows plot between frictional shear stress developed at
the surface nodes of the interface as a function of slip developed at
the interface for [0/90]ns laminate. Two slip directions were consid-
ered, namely, slip parallel to the ﬁbres and slip circumferential to
the ﬁbre diameter referred as direction 1, and direction 2, respec-
tively. Fig. 23 shows that shear stresses developed and the amount
of slip is same for both the directions in case of [0/90]ns laminate.
Shear stresses in both the directions increase with an increase in
the slip till a shear strength of 30 MPa (strength of the interface
is deﬁned as 30 MPa). The slip is inappreciable till the shear
strength of the interface is reached, once the shear strength is
reached the slip increases signiﬁcantly. This indicates that thephysical separation has occurred at about 0.001 mm in both the
slip directions.
Fig. 24 shows plot between frictional shear stress developed at
the surface nodes of the interface as a function of slip developed at
the interface for [±45]ns laminate. It can be observed that shear
stress developed at the interface increases with increase in slip
in both the directions. Shear stresses developed and the amount
of slip was higher in case of direction 1 as compared to direction
2. The observation is aligned with the amount of debonding to be
more in the layer 1, which is experiencing tensile loading in case
of [±45]ns laminate. Thus, it can be concluded that amount of inter-
facial slip, shear stresses developed at the interface and slip are
higher in the layer experiencing tensile loading in [±45]ns laminate.
However, unlike [0/90]ns the values of slip do not increase without
an associated in increase in the shear stress in case of [±45]ns.
Consequently, it can be construed that physical separation does
not occur in this case.4.4. Effect of delamination between two layers of the cross-ply
laminate
As two laminae of the cross-ply laminate are attached to each
other in case of M2RVE subjected to in-plane shear loading, it is
possible to study the intra-ply delamination. To study the delami-
nation, a zero thickness layer of cohesive elements was introduced
at the interface of two layers in M2RVE. The interface properties for
the material system have not been explicitly reported in the liter-
ature. Fracture energy for epoxy resin ranges from 1 to 100 J/m2
Fig. 23. Shear stress at the interface vs. slip at the interface for [0/90]ns laminate.
Fig. 24. Shear stress at the interface vs. slip at the interface for [±45]ns laminate.
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delamination up to 20% shear strain when fracture energy of the
interface more than 1 J/m2 is used. Consequently, as a ﬁrstapproximation the fracture energy of 1 J/m2 the epoxy matrix
was used for all the simulations and parametric study was carried
out to evaluate decohesion as a function of interface strength.
Fig. 25 shows percentage of damage elements in the cohesive
layer (interface) when M2RVE is subjected to in-plane shear load-
ing, as explained earlier in this paper. Standard traction separation
law explained earlier in this paper was used to capture damage of
the interface elements. In the absence of the damage, the interface
behaviour was assumed to be linear with high value of an initial
stiffness (35 GPa) to ensure the displacement continuity at the
interface. The strength of the interface was varied from 10 MPa
to 75 MPa (strength of the epoxy matrix in tension). It was found
that, there was no damage of the interface for the strength value
of higher than 10 MPa. It can be observed in Fig. 25 that delamina-
tion between two layers of the cross-ply laminate initiates at
around 8% in-plane shear strain value. In addition, less than 10%
of the interface elements undergo damage even at 20% in-plane
shear strain. Consequently, it can be concluded that delamination
is inappreciable in case of laminate subjected to in-plane shear
loading. However, it may be signiﬁcant for other types of loading
such as tensile and multi-axial loading. Note that under such load-
ing conditions M2RVE could be very useful.
5. Conclusions
The paper presented a multi-layer multi-ﬁbre representative
volume element (M2RVE) approach to predict global as well as lo-
cal stress–strain material response and damage evolution in a com-
posite laminate. The results obtained from simulations were
validated against experiments performed on glass ﬁbre/epoxy
cross-ply, [0/90] and angle-ply, [±45] composite laminates. The fol-
lowing conclusions can be drawn from the current work.
1. In the case of perfect bonding between ﬁbres and matrix, the
model predicts slightly higher values of the shear stresses in
the case of a [0/90]ns laminate which could be attributed to high
values of interface stiffness and interface cohesive strength.
2. Stresses developed in the 90 lamina were of higher magnitude
than the stresses in the 0 lamina because the 90 lamina was
stiffer.
3. M2RVE effectively captures in situ effects on stress evolution as
it uses two laminae. Micro-scale stress evolution for 0 lamina
was found to be different than the conventional single layer
RVE for 0 lamina under similar conditions.
4. It was found that there was a signiﬁcant effect of Mohr–
Coulomb matrix friction angle and ﬁbre matrix interfacial
strength on the global stress strain response of a [0/90]ns
laminate.
5. The proposed M2RVE can capture details of interfacial failure,
and it was found that interface failure initiates at 1% shear
strain for a [0/90]ns laminate and at 2% shear strain for [±45]ns
laminate. The evolution of interface damage is a function of
stacking sequence which can be captured by M2RVE.
6. Amount of interfacial slip and shear stresses developed at the
ﬁbre–matrix interface were observed to be higher in case of
layer experiencing tensile loading for [±45]ns laminate.
7. The interfacial damage between two layers of the cross-ply
laminate is insigniﬁcant for in-plane shear loading and less than
10% elements undergo decohesion even at a very high shear
strain of 20%.References
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